In this paper, we investigate so-called spherical photon orbits around a deformed Kerr black hole with an extra deformation parameter. The change in the azimuth ∆ϕ and the angle of dragging of nodes per revolution ∆Ω of a complete latitudinal oscillated orbit is calculated analytically. Finally, representative six examples orbits are plotted out to illustrate how spherical photon orbits look like and exhibit some interesting behavior. Especially, this spherical photon orbits are absent in circular orbits and different from the Kerr case.
I. INTRODUCTION
The investigation of null geodesic motion can reveal significant features of a curved spacetime. Especially, there are unstable and stable photon orbits around the compact objects. The unstable photon orbits define the boundary between capture and non-capture of across-section of light rays of black hole such as the shadow in lensing images [1] [2] [3] , on the other hand, the stable photon have directly link with the optical appearance [4] of the thin accretion disk [5] and chaotic scattering in lensing around of hairy black holes and spacetime instabilities [6] [7] [8] . These fundamental photon orbits have an interested invariant structures around dynamical systems and compact objects [9, 10] . In more specifically, the so-called spherical photon orbits [11, 12] -orbits with constant coordinate radii that are not confined to the equatorial plane, have rich orbital structure, i.e. periodic orbit of the longitudinal motion of particles. This orbits can further reveal the feature of black holes.
Spherical timelike orbits around the Kerr black hole was firstly proposed by Wilkins [11] . An explicit example of spherical timelike orbits was plotted with numerical integration in paper [13] . The extension to the case of the charged Kerr Newman black hole was considered in Ref [14] . Further more, an example of a non-spherical timelike orbit around the Kerr black hole was obtained by numerical integration in Stoghianidis [15] 's work.
However, there has been less work done on spherical photon orbits. Early examples of spherical photon orbits in the hyper-extreme Kerr space-time were illustrated in [16] and offered a tantalizing hint as to how spherical photon orbits might look like. In Teo's paper [12] , several representative latitudinal oscillations photon orbits, including a zero-angular momentum photon orbit and one with non-fixed azimuthal direction, was plotted to illustrate how the spherical photon orbits look like. These orbits exhibit a variety of interesting behavior that are absent in circular orbits.
Recently the LIGO [17] [18] [19] [20] and VIRGO collaborations reported the observation of gravitational-wave signal corresponding to the inspiral and merger of two black holes. However, the current precision of the experiment there remains some possibility for alternative theories of gravity. Konoplya and Zhidenko [21, 22] have proposed a deformed Kerr black hole metric beyond general relativity through adding a static deformation, which can be looked as an axisymmetric vacuum solution of a unknown alternative theory of gravity [22] . This deformed Kerr black hole has three parameter, i.e., the mass M , the rotation parameter a, and the deformation parameter η. η describes the deviation from the usual Kerr one and modifies sharply the structures of spacetime in the strong-field region. Moreover, research work about shadow of lensing [24] , energy extraction [25] , strong gravitational lensing effect [23] , the iron line [26] and the quasi-periodic oscillations [27] endorse that the geometry of a real astrophysical black hole could be described by such a deformed Kerr metric.
In this paper, we shall focus on spherical photon orbits (with positive energy) outside the event horizon of the deformed Kerr [21, 22] black hole. We shall find it quite amazing that photons can actually trace out such orbits around the deformed Kerr black hole, and also compared our result with the Kerr case [12] . This may provide a possibility to test how astronomical black holes with deformation parameter deviate from the Kerr black hole from the orbital motion aspect.
The paper is organized as follows: In Sec. II, we will derive the relevant geodesic equations of deformed Kerr black hole. In Sec. III, the conditions for the existence of spherical photon orbits are considered. In Sec.IV, the expression for the change in the orbits azimuth for every oscillation in latitude. 3D orbit and the corresponding projective plane of selected spherical photon orbits is plotted by numerical integration to illustrate how it differ from the Kerr case. Finally, we end the paper with a summary.
II. THE NULL GEODESIC EQUATIONS IN THE DEFORMED KERR BLACK HOLE
The deformed Kerr metric obtained in Ref. [21, 22] describes the geometry of a rotating black hole with the deviations from the Kerr one through adding an extra deformation. The deformed Kerr metric in the standard Boyer-Lindquist coordinates can be expressed as
where M , a and η denote the mass, the angular momentum and the deformation parameter of black hole, respectively. The deformation parameter η describes the deviations from the Kerr metric. As the parameter η vanishes, the metric reduces to the case of Kerr.In Ref [21, 23] , the condition for the existence of black hole horizon is analyzed in detail. In the case a < M , the existence of black hole horizon require [23] 
while in the case a > M , it becomes η > 0. When η and a lie in other regions, there is no horizon and then the spacetime (1) becomes a naked singularity. Thus, the value of η determines the number and positions of black hole horizons. These spacetime properties affect the propagation of photon and further changes shadow of deformed Kerr black hole.
The Hamiltonian of a photon propagation along null geodesics in a deformed Kerr black hole can be expressed as
Since there exist two ignorable coordinates t and φ in the above Hamiltonian, it is easy to obtain two conserved quantities E and L z with the following forms
which correspond to the energy and angular momentum of photon moving in the deformed Kerr black hole.
With these two conserved quantities, after tedious calculation, we obtain the null geodesic equation [10] .
where the quantity Q is the generalized Carter constant related to the constant of separation
We note that while these equations are concise and appealing in some ways, during numerical integration they tend to accumulate error at the turning points due to the explicit square roots in the r and θ equations, not to mention the nuisance of having to change the signs of the r and θ velocities by hand at every turning point. Following the procedure in Ref [28] , We will convert this equation into Hamiltonian formulation to avoid the numerical difficulties and smoothly plot the selected spherical photon orbits.
So we rewrite the Hamiltonian as following
with the help of Hamilton's equations
for the non-zero Hamiltonian formulation of the photon's motion become aṡ
where the superscripts ′ and θ denote differentiation with respect to r and θ, respectively.
III. SPHERICAL PHOTON ORBITS AROUND A DEFORMED KERR BLACK HOLE
In this section, we shall study in detail the properties of the spherical photon orbit. The so-called spherical photon orbits-orbits with constant coordinate radii that are not confined to the equatorial plane and photon move as latitudinal oscillations in the permitted maximum θ angle [11, 12] . The radial equation of motion in the spherical photon orbits is unstable and satisfẏ
which yield
For the unstable spherical orbits, we have
Solving the two equation (19) and (20), we find that for the spherical orbits motion of photon the reduced constants ξ and σ have the form
If we set u = cosθ, when σ is non-negative, The physically allowed ranges for u 0 is given as
As the initial radius of r 0 the spherical photon orbit is given, The physically allowed angular momentum L,
Carter constant Q, θ range is also determined. we take the extreme Kerr black hole as an example to illustrate the relationship between θ and r 0 , L, Q. in Fig. 1 . photon can oscillate between arccos(u 0 ) and arccos(−u 0 ), such orbits cross the equatorial plane repeatedly. all orbits either remain in the equatorial plane or cross it repeatedly. i.e. as the Carter constant Q =0, photon orbit is entirely in the equatorial plane, while the Carter constant Q =27, photon orbit is entirely in the θ direction. Especially, the zero angular momentum photon orbit has reached the maximum θ value. Since the spherical photon orbit is latitudinal oscillations and periodicity. it is useful to have a measure of this periodicity. One possibility is to consider the change in azimuth ∆ϕ for a complete latitudinal oscillation of the orbit. It turns out to be possible to obtain an exact expression for the azimuth ∆ϕ for the photon orbit [11] [12] [13] [14] , as we now briefly describe the azimuth ∆ϕ by finding the connection between θ and ϕ motions.
If we set w = u 2 , using Eqs. (7) and (9), we have
where
It would be useful to write the latter in the form −a 2 w(w − w + )(w − w − ), where w + are the positive and negative roots of Y (w) 2 , respectively. Then the change in azimuth for one complete oscillation in latitude is
These integrals can be evaluated using standard techniques to give
where K(x) and Π(υ, x) are the complete elliptic integrals of the first and third kind, respectively.
The specific dependence of the azimuth ∆ϕ on r is shown in the left Fig. 2 . When r 1 < r < r 3 , the orbits are prograde whenever ∆ϕ is positive, on the other hand, When r 3 < r < r 2 , the orbits are reprograde whenever ∆ϕ is negative ( r 1 and r 2 are the solution of the carter constant σ = 0, r 3 is the solution of zero angular momentum ξ = 0). Notice that there is a discontinuity at r = r 3 ( zero angular momentum ξ = 0), the value ∆ϕ at exactly r = r 3 , given by the Point A, is exactly half-way between the upper limit lim r→ r Following Winkins [11] , we can define the ratio between the frequencies in the ϕ and θ direction by
The angle of advance of the nodes(a point where a non equatorial orbit intersections the equatorial plane )
per nodal period ∆Ω [11] is We can find in the right of Fig. 2 , compared with the case of the azimuth ∆ϕ, the change of the angle of advance of the nodes ∆Ω is continuously.
Although each orbit that we are considering has a definite non-zero value for ∆ϕ, it is not guaranteed that the photon is moving in a fixed azimuthal direction at every point of its orbit, In fact, it follows from Eq. (7) thatφ changes sign whenever u 2 reaches the value
We define the value r of satisfyingφ = 0 as rφ and the corresponding angular momentum as ξφ [12] . Note that when r 3 < r < rφ (corresponding to ξφ < ξ < 0), orbits with these parameters would therefore not be moving in a fixed azimuthal direction. An example of such an orbit will also be given in the following section.
To compared with the result about the azimuth ∆ϕ and the angle of advance of the nodes ∆Ω in the extreme Kerr black hole [12] , we list the value of the azimuth ∆ϕ and the angle of advance of the nodes ∆Ω with the given initial angular momentum ξ in deformed Kerr black hole in Table. I. We find that for the given initial angular momentum ξ, the presence of the deformation parameter η decrease the value of azimuth ∆ϕ and the angle of advance of the nodes ∆Ω.
IV. EXAMPLES OF SELECTED SPHERICAL PHOTON ORBIT AROUND THE DEFORMED KERR BLACK HOLE
In this section, we shall present explicit examples of spherical photon orbits around the deformed Kerr black hole. In Ref [12] , two prograde(ξ > 0 and r 1 < r < r 3 ) and four retrograde(ξ < 0 and r 3 ≤ r < r 2 ) spherical photon orbits around extreme Kerr black hole was plotted out, including two special case: a zero-angular momentum(r = r 3 ) photon orbit and one orbit at initial radius at r = rφ whereφ = 0. To compared with the result of the extreme Kerr black hole, we also plot the spherical photon orbits around the deformed Kerr black hole(a = M ). These orbits can only be obtained numerically, by integrating the first-order differential of Hamiltonian formulation.
Firstly, we plot the same Teo [12] 's examples of the three-dimensional(x − y − z) spherical photon orbit around the extreme Kerr black hole at the initial angular momentum ξ = 0, −1, −2, −6, 1, 1.999, respectively. 
FIG. 4:
The three-dimensional(x−y−z) plane, the projective x−y and x−z plane, the θ−ϕ plane of the spherical photon orbits around the extreme Kerr black hole with the given initial angular momentum ξ = −6, 1, 1.999 ,respectively. Here we set M = 1.
Besides the three-dimensional spherical photon orbit in cartesian coordinates, We also plot the projective plane of x − y and x − z , θ − ϕ of the spherical photon orbit around the extreme Kerr black hole to more vividly illustrate the properties of periodic latitudinal oscillations. This six examples of the spherical photon The x − y plane orbit with initial value (r = rφ = 3 and ξ = −2), whereφ changes sign, is Periodic cuspy orbits. The photon is moving vertically whenever it is at the equator(see the correspondent x − z plane).
This behavior can be understood from the Lense Thirring effect: the dragging of inertial frames is strongest at the equator, and in this case, it precisely cancels out the retrograde motion of the photon. Away from the equator, the dragging becomes weaker and so the orbit regains its retrograde character [12] . ( is one latitudinal oscillation and its x − y plane orbit is spiral circle and a helical pattern. 
